Abstract. It turns out that if a reductive complement m of a homogeneous reductive space G/H possesses a number of properties (including its decomposability into an orthogonal sum of three Ad(H)-invariant irreducible subspaces) then there exists a simple way of determining whether an f -structure F on this space belongs to the classes G1f , NKf and Kill f of generalized Hermitian geometry with respect to any invariant Riemannian metric g (provided that F is a metric f -structure with respect to g). Two examples (of flag manifolds) are included.
Introduction
In [9] we studied manifolds of oriented flags of the form SO(n)/SO(2) × SO(n − 3) (n ≥ 4)
as homogeneous Φ-spaces [21] of the order 6. First of all, we noted some of their properties: 1) Any such space is naturally reductive [18] with respect to the canonical reductive decomposition [21] and the Riemannian metric g 0 induced by the Killing form of so(n). The second property enabled us to say that any invariant Riemannian metric g on (1) is uniquely determined by the triple of positive real numbers (a 1 , a 2 , a 3 ). Then we considered the canonical f -structures [11] on these homogeneous Φ-spaces. Finally, we obtained characteristic conditions for invariant Riemannian metrics on the flag manifolds (1) under which the canonical f -structures on these homogeneous Φ-spaces belong to the classes Kill f [15, 16] , NKf [5, 4] and G 1 f of generalized Hermitian geometry.
It turns out that the situation can be extended: for any homogeneous reductive space satisfying 1) -3), Riemannian metric g and metric fstructure f on this space it is possible to establish similar characteristic conditions.
The paper is divided into two parts. The first part contains all the necessary preliminaries. In the second part the results are obtained and conclusions are made. This part also includes two examples.
We begin the preliminary part of the paper with the definitions of homogeneous reductive spaces, homogeneous Φ-spaces and regular Φ-spaces (Sections 2 and 3). We also briefly discuss their main properties.
In Section 4, we discuss main types of affinor structures on smooth manifolds and consider the algebra of invariant affinor structures on a homogeneous reductive space.
A special attention is given to the set of canonical affinor structures on regular Φ-spaces. All the necessary material is given in Section 5.
Main classes of generalized Hermitian geometry are rewieved in Section 6.
The results are obtained in Section 7. Finally, we discuss two examples in Section 8.
Homogeneous reductive spaces
Homogeneous reductive spaces make up the main subject of our further considerations. Therefore, it is natural to begin with their definition.
Let G be a Lie group, H its closed subgroup, g and h the corresponding Lie algebras. Consider the inner automorphism I(g) of G defined by its element g:
Then Ad(g) = d(I(g)) e is the automorphism of g.
Definition 1.
[20] Let G be a connected Lie group, H its closed subgroup, g and h the corresponding Lie algebras. G/H is called a reductive homogeneous space if there exists m ⊂ g such that
g = h ⊕ m is the reductive decomposition corresponding to G/H and m is the reductive complement.
The geometric sense of reductivity is as follows. Suppose G/H is a homogeneous reductive space, then its reductive complement m can be identified with the tangent space to G/H at the point o = H, i.e., for any h ∈ H dτ (h) o = Ad(h), where τ (g) :
Since all homogeneous spaces to be discussed in this paper are reductive we agree to identify their reductive complements with tangent spaces at the point o.
For the examples of homogeneous reductive spaces see [20] and [18] . However, the most useful (in the view of this paper) example is produced by homogeneous Φ-spaces of order k.
Regular Φ-spaces
Definition 2. [12, 11] Let G be a connected Lie group, Φ its automorphism. Denote by G Φ the subgroup consisting of all fixed points of Φ and by G Φ 0 the identity component of G Φ . Suppose a closed subgroup H of G satisfies the condition G Φ 0 ⊂ H ⊂ G Φ . Then G/H is called a homogeneous Φ-space. Homogeneous Φ-spaces include homogeneous symmetric spaces (Φ 2 = id) and, more generally, homogeneous Φ-spaces of order k (Φ k = id) or, in other terminology, homogeneous k-symmetric spaces (see [19] ).
Note that there exist homogeneous Φ-spaces that are not reductive. That is why the so-called regular Φ-spaces introduced by N.A. Stepanov are of fundamental importance.
Let G/H be a homogeneous Φ-space, g and h the corresponding Lie algebras for G and H, ϕ = dΦ e the automorphism of g. Consider the linear operator A = ϕ−id and the Fitting decomposition g = g 0 ⊕g 1 with respect to A, where g 0 and g 1 denote 0-and 1-component of the decomposition respectively. Further, let ϕ = ϕ s ϕ u be the Jordan decomposition, where ϕ s and ϕ u is a semisimple and unipotent component of ϕ respectively, ϕ s ϕ u = ϕ u ϕ s . Denote by g γ the subspace of all fixed points for a linear endomorphism γ in g. It is clear that h = g ϕ = Ker A, h ⊂ g 0 , h ⊂ g ϕs . Definition 3. [12, 21, 11, 7] A homogeneous Φ-space G/H is called a regular Φ-space if one of the following equivalent conditions is satisfied:
(
The restriction of the operator A to Ag is non-singular.
The matrix of the automorphism ϕ can be represented in the form E 0 0 B , where the matrix B does not admit the eigenvalue 1.
An important property of a regular Φ-space G/H is that each such space is reductive, its reductive decomposition being g = h⊕Ag (see [21] ). g = h⊕Ag is commonly referred to as the canonical reductive decomposition corresponding to a regular Φ-space G/H and m = Ag is the canonical reductive complement.
It should be mentioned that any homogeneous Φ-space G/H of order k is regular (see [21] ), and, in particular, any k-symmetric space is reductive.
Invariant affinor structures on homogeneous reductive spaces
An affinor structure on a smooth manifold is known to be a tensor field of type (1,1) realized as a field of endomorphisms acting on its tangent bundle.
Definition 4. The following affinor structures are said to be affinor structures of classical type.
1) An almost complex structure is an affinor structure satisfying J 2 = − id. 2) An f -structure (in the sense of K.Yano) is an affinor structure satisfying f 3 + f = 0 [22] . 3) An almost product structure is an affinor structure defined by the formula P 2 = id.
Consider a reductive homogeneous space G/H with the reductive decomposition g = h⊕m. Then it can be proved that any invariant affinor structure F on G/H is completely determined by its value F o at the point o, where F o is a linear operator on m such that
In addition, the value of F at any point q = τ (g)o is defined by the formula
It is not difficult to see that the following statement is valid. Theorem 1. Let G/H be a reductive homogeneous space. The set A consisting of all invariant affinor structures on G/H is an algebra and dim
We can also consider the algebra A o consisting of linear Ad(H)-invariant operators on m. It is known that
is an isomorphism. For simplicity, further we will not distinguish an invariant structure on G/H and its value at o = H.
Canonical affinor structures on regular Φ-spaces
Let G/H be a regular Φ-space. Denote by θ the restriction of ϕ to m. Definition 6. [10, 11] An invariant affinor structure F on a regular Φ-space G/H is called canonical if its value at the point o = H is a polynomial in θ.
According to [21] the operator θ commutes with any element of the linear isotropy group Ad(H). Consequently, the same is true for any polynomial in θ which implies that the above definition is well-defined.
Theorem 2. [10, 11]
The set A(θ) of all canonical structures on a regular Φ-space G/H is a commutative subalgebra of the set A of all invariant affinor structures on G/H. Moreover,
where ν is a minimal polynomial of the operator θ.
The sets of all canonical structures of classical type (see Section 4) were completely described in [11] and [10] . In particular, for homogeneous ksymmetric spaces the precise computational formulae were indicated. Here we cite the result pertinent to f -structures only. Put
All non-trivial canonical f -structures on G/H can be given by the operators
where ζ j ∈ {1, 0, −1}, j = 1, 2, . . . , u, and not all ζ j are equal to zero.
It is possible to particularize the result mentioned above for homogeneous Φ-spaces of small orders. For example, see [11] (orders 4 and 5) and [9] (order 6). Obtaining similar formulas for higher orders presents no difficulty.
Some important classes in generalized Hermitian geometry
The concept of generalized Hermitian geometry created in the 1980s (see [17] ) is a natural consequence of the development of Hermitian geometry. One of its central objects is a metric f -structure, i.e. an f -structure compatible with a (pseudo-)Riemannian metric g = ·, · in the following sense:
Evidently, this concept is a generalization of one of the fundamental notions in Hermitian geometry, namely, almost Hermitian structure J. It is also worth noticing that the main classes of generalized Hermitian geometry (see [17, 15, 16, 7, 5] ) in the special case f = J coincide with those of Hermitian geometry (see [14] ).
In what follows, we will mainly concentrate on the classes Kill f , NKf , and G 1 f of metric f -structures (their definitions will be given below ).
A fundamental role in generalized Hermitian geometry is played by a tensor T of type (2, 1) which is called a composition tensor [17] . In [17] it was also shown that such a tensor exists on any metric f -manifold and it is possible to evaluate it explicitly:
where ∇ is the Levi-Civita connection of a (pseudo-)Riemannian manifold (M, g), X, Y ∈ X(M ). The structure of a so-called adjoint Q-algebra (see [17] ) on X(M ) can be defined by the formula X * Y = T (X, Y ). It gives the opportunity to introduce some classes of metric f -structures in terms of natural properties of the adjoint Q-algebra.
For example, if
(i.e. X(M ) is an anticommutative Q-algebra) then f is referred to as a
) is said to be a Killing f -structure if
(i.e. f is a Killing tensor) (see [15, 16] ). The class of Killing f -structures is denoted by Kill f . The defining property of nearly Kähler f -structures (or N Kf -structures) is
This class of metric f -structures, which is denoted by NKf , was determined in [2] (see also [5, 4] ). It is easy to see that for f = J the classes Kill f and NKf coincide with the well-known class NK of nearly Kähler structures [13] .
The following relations between the classes mentioned are evident:
In order to rewrite formulas (2), (3) and (4) in a more suitable form we will need the following result.
Theorem 4.
[18] Let (M, g) be a Riemannian manifold, M = G/H a reductive homogeneous space with the reductive decomposition g = h ⊕ m. Then the Levi-Civita connection with respect to g can be expressed in the form
where U is the symmetric bilinear mapping m×m → m defined by the formula
It is easy to check that the application of (6) to (2), (3) and (4) produces the following result:
A special attention should be paid to the particular case of naturally reductive spaces. Recall that a homogeneous Riemannian manifold (G/H, g) is known to be a naturally reductive space [18] with respect to the reductive
In this case (7) yields that U (X, Y ) = 0 for any X, Y ∈ m.
It should be mentioned that if G/H is a regular Φ-space, G a semisimple Lie group then G/H is a naturally reductive space with respect to the (pseudo-)Riemannian metric g induced by the Killing form of the Lie algebra g (see [21] ).
In [7] , [4] , [3] and [6] one can find a number of results helpful in checking whether the particular f -structure on a naturally reductive space belongs to the main classes of generalized Hermitian geometry. Here are some of them.
Theorem 5. [7]
Let (G/H, g) be a naturally reductive homogeneous space, f an invariant metric f -structure, g = h ⊕ m the corresponding reductive decomposition. Then 1) f is a Killing f -structure iff
2) f is a nearly Kähler f -structure iff
Theorem 6.
[6] Any invariant metric f -structure on a naturally reductive space (G/H, g) is a G 1 f -structure.
Main results

Assumption 1.
Suppose that for a homogeneous space G/H the following is true. A 1 ) G/H is a naturally reductive space with respect to the reductive decomposition g = m ⊕ h and the Riemannian metric g 0 induced by the Killing form of the Lie algebra g (e.g. G is a semisimple Lie group, G/H is a regular Φ-space). A 2 ) The reductive complement m admits the decomposition
into the direct sum of Ad(H)-invariant irreducible subspaces and this decomposition is g 0 -orthogonal.
In the view of A 2 ) any invariant Riemannian metric g on G/H is uniquely determined by the triple of positive real numbers (a 1 , a 2 , a 3 ) which implies that
Further we will refer to (a 1 , a 2 , a 3 ) as to the characteristic numbers of g. We will also denote the projection of X onto m i by X i for any X ∈ m. Taking all these assumptions into account it is possible to calculate U = U (X, Y ). In this case (7) takes form
In the view of (12) and (13) we have
Thus (15) is transformed into
Then we group the terms containing Z 1 , Z 2 and Z 3 :
Using properties (symmetry, invariance and bilinearity) of the Killing form we obtain
As (11) is g 0 -orthogonal, this equation yields that
for any Z in m. In our case the Killing form is nonsingular. Therefore its first argument in the last equation is equal to zero (and, consequently, its projections onto m 1 , m 2 and m 3 too). Hence,
Thus the following statement is proved.
Proposition 1. Suppose that G/H satisfies Assumption 1. Then the symmetric bilinear mapping U is defined by the formula
. (16) Here and below we assume that G/H satisfies Assumption 1.
F is an invariant affinor structure, therefore
Proposition 2. Let F be an invariant affinor structure on G/H, G/H satisfies Assumption 1. Then there exists such i ∈ {1, 2, 3} that either Im F = m i or Ker f = m i .
Proof. Here we assume that Ker F = 0 (i.e. F is not an almost complex structure) and F = 0. As m = Ker F ⊕ Im F , for any i ∈ {1, 2, 3}
Suppose there exists k ∈ {1, 2, 3} such that (Ker F ) k = 0 and (Im F ) k = 0. Obviously, for any X ∈ (Ker F ) k and h ∈ H
The same is true for (Im F ) k . Indeed, for any X ∈ (Im F ) k we have Ad(h)X ∈ Im F (by Lemma 1) and Ad(h)X ∈ m k (by A2 )).
In this way we have obtained that m k is decomposed into the sum of the two non-trivial Ad(H)-invariant subspaces, which contradicts Assumption 1. Therefore for any invariant affinor f -structure F either Im F or Ker F coincides with one of the subspaces m i (i = 1, 2, 3). Proposition 2 yields that for any invariant affinor f -structure F the following is true:
where i, j, k ∈ {1, 2, 3} are different, J is an almost complex structure.
Let us consider the first case. The following statement is valid.
Theorem 7. Suppose that G/H satisfies Assumption 1, g is an arbitrary invariant Riemannian metrics on G/H. Suppose that F is a metric fstructure with respect to g and F | m i = J, F | m j ⊕m k = 0, where i, j, k ∈ {1, 2, 3} are different, J is an almost complex structure. Then 1) F is not a Killing f -structure; 2) F belongs to the class NKf (and, consequently, to the class G 1 f ).
Proof. We assume that
(the results for the other cases are obtained via cyclic rearrangement of indices).
1) Kill f is denoted by the formula (10) . Making use of (16), (17) and Assumption 1 we obtain
One can also check that
Therefore (10) is equivalent to the following relation:
. Therefore, F belongs to Kill f iff the characteristic numbers of an invariant Riemannian metric satisfy the following set of conditions:
Evidently, this system is inconsistent.
2) NKf can be determined by the relation (9) . For the explicit form of U see (16) . As (17) holds, we have
in the view of Assumption 1. Thus (9) holds for any Riemannian metric. As a particular case, any F satisfying (17) is G 1 f -structure. Now let us consider the second group of f -structures.
are different, J is an almost complex structure. Let (a 1 , a 2 , a 3 ) be the characteristic numbers of an arbitrary Riemannian metric g, F a metric fstructure with respect to g. Then 1) F is a G 1 f -structure; 2) F is a nearly Kähler f -structure iff a j = a k and
3) F is a Killing f -structure iff a j = a k = Proof. Without loss of generality we assume that
1) It is evident that both
and
belong to Ker F for any X in m. Now we see that (8) holds regardless of the choice of (a 1 , a 2 , a 3 ).
2) Clearly,
Using (20), (21) and (22) we can rewrite (9) as follows:
Evidently, a 3 − a 2 + a 1 = 0. Thus F ∈ NKf with respect to (a 1 , a 2 , a 3 ) iff
(to obtain the second equation we substitute X for F X in the first one). It follows in the standard way that
The first equation yields that a 3 −a 2 −a 1 a 3 −a 2 +a 1 = ±1. As a 1 , a 2 and a 3 are positive numbers we have a 2 = a 3 . Then
In the view of (19) and Assumption 1 this means that [F X, F 2 X] m = 0 for any X in m. Thus 2) is proved.
3) As (5) holds, here we consider f -structures satisfying (18) and invariant Riemannian metric with characteristic numbers (a 1 , a 2 , a 2 ) (a 1 , a 2 > 0) only.
As above we check that
F belongs to N Kf in the naturally reductive case, therefore
Thus (10) is represented as follows:
For convenience we shall rewrite it in this way:
Then it follows that
(2a 2 − a 1 = 0, because otherwise a 1 = a 2 = 0). If we replace Z by F Z in (23) and then apply F to its both sides we obtain
(23) and (24) produce the following system of equations
To conclude the proof, it remains to note that this system is equivalent to 8. Examples
1.
In [9] we considered manifolds of oriented flags of the form SO(n)/SO(2) × SO(n − 3) (n ≥ 4)
as homogeneous Φ-spaces of order 6. We proved that for any n ≥ 4 the reductive complement m of any such space is decomposed into the direct sum m = m 1 ⊕m 2 ⊕m 3 of irreducible Ad(H)-invariant summands. Concerning the canonical f -structures on this 6-symmetric space we obtained the following result (in the notations of [9] ). 1) For f 1 (θ) = 2) For f 2 (θ) = 3) For f 3 (θ) = The application of Theorem 1 gives us that f 2 and f 3 are not Killing fstructures with respect to any invariant Riemannian metric. Nevertheless, f 2 and f 3 are nearly Kähler f -structures (and, hense, G 1 f -structures) with respect to any invariant Riemannian metric.
Taking account of the fact that f 1 ∈ N Kf and f 4 / ∈ N Kf in the naturally reductive case and [Y, f 1 Z] + f 1 ([Y, Z]) = 0 for any Y ∈ m 3 , Z ∈ m 1 ⊕ m 2 , by Theorem 2 we obtain the following 1) f 1 and f 4 are G 1 f -structures for all invariant Riemannian metrics; 2) f 1 belongs to NKf iff the characteristic numbers of invariant Riemannian metric are (s, s, t) (s, t > 0); f 4 is not a nearly Kähler f -structure with respect to any invariant Riemannian metric; 3) f 1 belongs to Kill f iff the characteristic numbers of invariant Riemannian metric are (3s, 3s, 4s) where s > 0. f 4 is not a Killing f -structure for all invariant Riemannian metrics. The same results where obtained in [9] by means of direct calculations.
2.
The same technique can be used to examine invariant f -structures on the complex flag manifold SU (3)/T max (as it satisfies Assumption 1) with respect to all invariant Riemannian metrics. See [8] where this problem was solved in a different way.
